In this paper, we study Lorentzian left invariant Einstein metrics on nilpotent Lie groups. We show that if the center of such Lie groups is degenerate then they are Ricci-flat and their Lie algebras can be obtained by the double extension process from an abelian Euclidean Lie algebra. We show that all nilpotent Lie groups up to dimension 5 endowed with a Lorentzian Einstein left invariant metric have degenerate center and we use this fact to give a complete classification of these metrics. We show that if g is the Lie algebra of a nilpotent Lie group endowed with a Lorentzian left invariant Einstein metric with non zero scalar curvature then the center Z(g) of g is nondegenerate Euclidean, the derived ideal [g, g] is nondegenerate Lorentzian and Z(g) ⊂ [g, g]. We give the first examples of Ricci-flat Lorentzian nilpotent Lie algebra with nondegenerate center.
Introduction
A pseudo-Riemannian manifold (M, g) is called Einstein if its Ricci operator Ric : T M −→ T M satisfies Ric = λId T M for some constant λ ∈ R. When λ = 0, (M, g) is called Ricci-flat. Pseudo-Riemannian Einstein manifolds present a central topic of differential geometry and an active area of research. The subclass of Lorentzian Einstein manifolds has attracted a particular interest due to its importance in the physics of general relativity (see [3] ). Homogeneous Riemannian manifolds were intensively studied and the Alekseevskii's conjecture (see [3] ) has driven a profound exploration of Einstein left invariant Riemannian metrics on Lie groups leading to some outstanding results (see [11, 13] ). However, the study of left invariant Einstein pseudo-Riemannian metrics on Lie groups is at beginning. In [2, 1] , flat Lorentzian left invariant metrics on Lie groups has been studied, in [5] flat left invariant metrics of signature (2, n − 2) on nilpotent Lie groups has been characterized, Ricci-flat Lorentzian left invariant metrics on 2-step nilpotent Lie groups has been investigated in [4, 10] and in [6, 9] , all four dimensional Lie algebras of Einstein Lorentzian Lie groups were given. The study of pseudo-Riemannian Einstein left invariant metric with non vanishing scalar curvature has been initiated in [7] .
In this paper, we study Einstein Lorentzian left invariant metrics on nilpotent Lie groups. As in any study involving left invariant structures on Lie groups, we can consider the problem at the Lie algebra level. Let (g, [ , ] , , ) be a nilpotent Lorentzian Lie algebra with Ricci operator Ric : g −→ g satisfying Ric = λId g . Our main results can be stated as follows :
1. If the center Z(g) of g is nondegenerate then it is Euclidean and if the derived ideal [g, g] is nondegenerate then it is Lorentzian. 2. If [g, g] is degenerate then Z(g) is degenerate and the metric is Ricci-flat. 3 . If the scalar curvature of g is non zero then Z(g) is nondegenerate Euclidean, [g, g] is nondegenerate Lorentzian and Z(g) ⊂ [g, g]. 4. If Z(g) is degenerate then g is Ricci-flat and (g, [ , ] , , ) is obtained by the process of double extension from an abelian Euclidean Lie algebra. The process of double extension has been introduced by Medina-Revoy [14] in the context of bi-invariant pseudo-Riemannian metrics on Lie groups and turned out to be efficient in many other situations. We adapt this process to our case and, in addition to our main result, we use it to construct a large class of Einstein Lorentzian Lie algebras (not necessarily nilpotent). We also recover the description of 2-step nilpotent Lorentzian Lie algebras obtained in [10] . 5. If g is Ricci-flat non-abelian, and dim[g, g] = dim(Z(g) ∩ [g, g]) + 1 then Z(g) is degenerate. 6. If dim g ≤ 5 then the center of g is degenerate. In this case we give a complete classification of all such Lie algebras. 7. We give the first examples Ricci-flat Lorentzian nilpotent Lie algebras with nondegenerate center. It is worth to mention that this differs from the flat case. Indeed, it has been shown (see [1? ]) that if a nilpotent Lie group G is endowed with a flat left-invariant metric which is either Lorentzian or of signature (2, n − 2) then its center must be degenerate. 8. We give another proof of the main result in [7] by using a formula known in the Euclidean context (see Propositions 3.6-3.7)
The paper is organized as follows. In Section 2, we establish two lemmas and we give a useful expression of the Ricci operator involving our main tool a family of skew-symmetric endomorphisms we call structure endomorphisms. In Section 3, we prove some general results on Einstein Lorentzian nilpotent Lie algebras. In Section 4, we describe the process of double extension which permits to construct a large class of Einstein Lorentzian Lie algebras and we prove our main result (see Theorem 4.1), then we show that Lorentzian Einstein nilpotent Lie algebras up to dimension 5 satisfy the hypothesis of this theorem and we give the list of such algebras. Finally, we give the first examples of Ricci-flat Lorentzian nilpotent Lie algebras with nondegenerate center. This opens widely the door for a future study of this particular class.
Ricci curvature of pseudo-Euclidean Lie algebras
A pseudo-Euclidean vector space is a real vector space of finite dimension n endowed with a nondegenerate symmetric inner product of signature (q, n − q) = (− . . . −, + . . . +). When the signature is (0, n) (resp. (1, n − 1)) the space is called Euclidean (resp. Lorentzian).
Let (V, , ) be a pseudo-Euclidean vector space of signature (q, n − q). A vector u ∈ V is called isotropic if u, u = 0. A family (u 1 , . . . , u s ) of vectors in V is called orthogonal if, for i, j = 1, . . . , s and i j, u i , u j = 0. An orthonormal basis of V is an orthogonal basis (e 1 , . . . , e n ) such 2 that ǫ i = e i , e i = ±1. A pseudo-Euclidean basis of V is a basis (e 1 ,ē 2 , . . . , e q ,ē q , f 1 , . . . , f n−2q ) for which the non vanishing products are
and totally isotropic if u, v = 0 for any u, v ∈ F. Note that we have always dim F + dim F ⊥ = dim V and if F is totally isotropic then dim F ≤ min(q, n − q). In particular, for any vector subspace F, dim(F ∩ F ⊥ ) ≤ min(q, n − q). The vector subspace F ⊥ is the orthogonal of F with respect to , .
Let (V, , ) be a Lorentzian vector space and F ⊂ V is a vector subspace. For any endomorphism A : V −→ V, we denote by A * : V −→ V its adjoint with respect to , . The two following lemmas will be very useful later. 
By using our remark, we deduce that tr(A 2 ) ≤ 0 and tr(A 2 ) = 0 if and only if A f i = α i f i for i = 1, . . . , n. In this case, if B is skew-symmetric and B(e) = 0 then
The study of Einstein left invariant pseudo-Riemannian metrics on Lie groups reduces to the study of their Lie algebras endowed with the corresponding pseudo-Euclidean product. We will refer to a Lie algebra endowed with a nondegenerate symmetric inner product as a pseudo-Euclidean Lie algebra.
Let (g, [ , ], , ) be a pseudo-Euclidean Lie algebra. Its Levi-Civita product is the bilinear
We denote by L u , R u : g −→ g the corresponding left and right multiplication given by R v (u) = L u v = uv. For any u, v ∈ g, L u : g −→ g is skew-symmetric and ad u = L u − R u . The curvature of g is given by
From the last relation, we deduce that the Ricci curvature ric : g × g −→ R of (g, [ , ], , ) is given by
Since , is non-degenerate, we can define the Ricci operator Ric : g −→ g by the expression
To get a more useful formula of the Ricci curvature, we introduce H ∈ g and J : g −→ so(g, , ) such that for any u, v ∈ g,
Note that H ∈ [g, g] ⊥ and H = 0 if and only if g is unimodular.
Proposition 2.1. We have
Proof. It is a consequence of (2), the following formula which can be deduced from (1)
and the following computation. For any orthonormal basis (e 1 , . . . , e n ) of g,
In particular, its Ricci operator Ric : g −→ g is given by
where J 1 and J 2 are the auto-adjoint endomorphisms given by So if , is Euclidean then, for any u ∈ g, J i (u), u ≥ 0 (i = 1, 2), ker J 1 = Z(g) and
The operators J 1 and J 2 will play a crucial role in our study so we are going to express them in a useful way. This is based on the notion of structure endomorphisms we now introduce.
Let (g, [ , ], , ) be a pseudo-Euclidean Lie algebra and (e 1 , . . . , e p ) a basis of g. For any u, v ∈ g, the Lie bracket can be written
where S i : g −→ g are skew-symmetric endomorphisms with respect to , . The family (S 1 , . . . , S p ) will be called structure endomorphisms associated to (e 1 , . . . , e p ). Note that Z(g) = ∩ p i=1 ker S i and one can see easily from (6) and the definition of J in (3) that, for any u ∈ g,
The following proposition will be very useful later.
Proposition 2.3. Let (g, , ) be a pseudo-Euclidean Lie algebra, (e 1 , . . . , e p ) a basis of g and (S 1 , . . . , S p ) the corresponding structure endomorphisms. Then
In particular, trJ 1 = trJ 2 .
Proof. The expression of J 2 is an immediate consequence of (7) . We have
Some results on Einstein Lorentzian nilpotent Lie algebras
In this section, we will show that for an Einstein Lorentzian nilpotent Lie algebra if [g, g] is nondegenerate (resp. Z(g) is nondegenerate) then it is Lorentzian (resp. it is Euclidean). If [g, g] is degenerate then [g, g]∩[g, g] ⊥ ⊂ Z(g) and g is Ricci flat. If dim[g, g] = dim([g, g]∩Z(g))+1 and g carries a Ricci flat Lorentzian metric then Z(g) is degenerate. Finally, we will use our approach to recover some results proved in [7] .
Before going further, let us give the following remark which we will use frequently. Let (g, [ , ], , ) be a pseudo-Euclidean Lie algebra. From (3), one can easily deduce that ker J = [g, g] ⊥ and hence Z(g) ⊂ ker J 1 := M and [g, g] ⊥ ⊂ ker J 2 := N.
Since J 1 and J 2 are symmetric (4) and (8), we have
Since g is nilpotent then dim[g, g] ⊥ ≥ 2 and we can choose a couple (e,ē) of isotropic vectors in [g, g] ⊥ such that e,ē = 1. By replacing in the relations above and using (9), we get
By using Lemma 2.1, we deduce that for any i ∈ {1, . . . , d}, S i e = α i e and S iē = −α iē and hence
For i = 1, . . . , d, S i is skew-symmetric and leaves invariant span{e,ē} so it leaves invariant its orthogonal. We denote by K i the restriction of S i to the Euclidean vector space {e,ē} ⊥ . We have tr(S 2 i ) = 2α 2 i + tr(K 2 i ) and tr(K 2 i ) ≤ 0. Now, since tr(J 1 ) = tr(J 2 ), we get
This shows that λ ≤ 0. By summing up the results we obtained, we deduce that λ = 0, tr(K 2 i ) = 0 and α 2 i = 0 which implies that S i = 0 for i = 1, . . . , d. Thus g is abelian which is a contradiction and completes the proof. 6 ) be an Einstein pseudo-Euclidean non abelian nilpotent Lie algebra. If Z(g) is nondegenerate then Z(g) ⊥ is not Euclidean.
Proof. Denote by (p, q) = (−, . . . −, +, . . . , +) the signature of , . Suppose that Z(g) is nondegenerate and Z(g) ⊥ is Euclidean. Then we can choose an orthogonal family (e 1 , . . . , e p ) in Z(g) such that e i , e i = −1 for i = 1, . . . , p. We have g = span{e 1 , . . . , e p } ⊕ g 0 , where
where
This implies that the Ricci curvature of (g 0 , , 0 ) is nonpositive. But a non abelian nilpotent Euclidean Lie algebra has always a Ricci negative direction and a Ricci positive direction (see [15, Theorem 2.4] ). So the only possibility is K i = 0 for i = 1, . . . , p and g 0 is abelian. We get a contradiction which completes the proof.
Let us prove our claim. We choose an orthonormal basis
. . , f q ) is an orthonormal basis of g. Denote by (S 1 , . . . , S p , T 1 , . . . , T q ) the structure endomorphisms of (g, , ) with respect to B and (M 1 , . . . , M q ) the structure endomorphisms of (g 0 , , 0 ) with respect to B 1 . The S i and the T i vanish on Z(g) and hence leave invariant g 0 . By using (11) , one can easily see that, for i = 1, . . . , p and j = 1, . . . , q,
If g is Einstein then, according to (8), we have
If we evaluate the relation ( * * ) at e i , we get
This is equivalent to λ = 1 4 tr(K 2 i ) and tr(K i • M j ) = 0 for i ∈ {1, . . . , p} and i ∈ {1, . . . , q}. This implies that if we restrict ( * * ) to g 0 we get the desired relation ( * ).
, , ) be an Einstein Lorentzian non abelian nilpotent Lie algebra. If Z(g) is nondegenerate then it is Euclidean.
The following result was first found by Guediri in [10] and served as a key ingredient in the classification of Einstein Lorentzian 2-step nilpotent Lie algebras. It can also be deduced from the preceding results. 
According to (4) and (8), we have
Since e ∈ [g, g] ⊥ and it is isotropic, we have J 2 e = 0, − 1 2 J 1 e = λe, and hence d j=1 S j e, S j e = 0. By using Lemma 2.1, we get S j e = a j e for any j = 1, . . . , d and hence λ = 1 2 d i=1 a 2 i . On the other hand, since tr(J 1 ) = tr(J 2 ), we get
On the other hand
Since S j leaves invariant e, it leaves invariant its orthogonal span{e, f l , g k }. But the restriction of , to span{e, f l , g k } is nonnegative. So S j f l , S j f l ≥ 0 and S j g l , S j g l ≥ 0. Thus
But we have shown so far that λ ≥ 0. In conclusion, λ = 0 and S j (e) = 0 for j = 1, . . . , p. such that e i ∈ Z(g) for i = 1, . . . , r − 1 and e r , e r = −1. We denote by (S 1 , . . . , S r ) the structure endomorphisms associated to (e 1 , . . . , e r ). We have
Since Z(g) ⊂ ker J 1 , we get J 2 (e i ) = 0 for i = 1, . . . , r − 1. This is equivalent to tr(S i • S j ) = 0 for i = 1, . . . , r and j = 1 . . . , r − 1 and hence
But tr(J 1 ) = tr(J 2 ) = 0 so J 1 = J 2 = 0. This implies, by virtue of (5), that tr(ad x • ad * y ) = 0 for any x, y ∈ g. For x ∈ g, put ad x (e r ) = α 1 e 1 + . . . + α r e r .
So ad 2
x (e r ) = α 2 r e r and since ad is nilpotent then α r = 0 and hence for any x ∈ g, ad x (e r ) ∈ Z(g).
.
But ad f i (e r ) ∈ Z(g) and Z(g) is Euclidean thus ad f i (e r ) = 0 for i = 1, . . . , q an hence e r ∈ Z(g) which is a contradiction. This completes the proof.
By using our approach, we recover some results obtained in [7] .
Proposition 3.5. Let (g, [ , ] , , ) be a nilpotent pseudo-Euclidean Lie algebra. Then
is Einstein if and only if it is Ricci flat.
In particular, if g is 2-nilpotent then (g, [ , ] , , ) is Einstein if and only if it is Ricci flat.
Proof. Suppose that (g, [ , ] , , ) is nilpotent and Einstein with λ 0, i.e.,
This implies, by virtue of (9) and (10),
and hence g = M ⊕ N. This contradict tr(J 1 ) = tr(J 2 ).
One of the main results in [7] is that if a pseudo-Euclidean Einstein nilpotent Lie algebra has a derivation with a non vanishing trace then it is Ricci flat. We give another proof of this fact based on (12) . This formula was established in the Euclidean context in [12] by using the Ricci tensor as a moment map. We prove this formula in the general case by a direct computation.
Proposition 3.6. Let (g, , ) be a pseudo-Euclidean Lie algebra and let Q denote the symmetric endomorphism Q = − 1 2 J 1 + 1 4 J 2 . Then for any orthonormal basis (e 1 , . . . , e p ) of g and any endomorphism E of g, we have
where e i , e i = ǫ i .
Proof. We denote by (S 1 , . . . , S p ) the structures endomorphisms associated to (e 1 , . . . , e p ). From (7) , we get S i = ǫ i J e i and by using (8) we get (g, , ) be a pseudo-Euclidean nilpotent Lie algebra having a derivation with non zero trace. Then (g, , ) is Einstein if and only if it is Ricci flat.
Proof. Let D ∈ Der(g) such that tr(D) 0. Write Ric = λId g , using formula (4) and (12) we get that λtr(D) = 0 and therefore λ = 0.
Remark 2. The derivations of nilpotent Lie algebras have been widely studied and computed (see [? ] ). It turns out that nilpotent Lie algebras having a derivation with non null trace are the most common. For instance, any nilpotent Lie algebra up to dimension 6 has this property and most of the nilpotent Lie algebras of dimension 7 have this property (see [7] ).
Einstein Lorentzian nilpotent Lie algebras with degenerate center
In this section, we give a complete description of Einstein Lorentzian nilpotent Lie algebras with degenerate center. We will show that these Lie algebras are obtained by a double extension process of an abelian Euclidean Lie algebra. The double extension process was introduced by Medina-Revoy in [14] in the context of quadratic Lie algebras. It turned out to be useful in many other situations. We give here a version of this process adapted to our study.
Consider (V, , 0 ) an Euclidean vector space, b ∈ V, K, D : V −→ V two endomorphisms of V such that K is skew-symmetric. We endow the vector space g = Re ⊕ V ⊕ Rē with the inner product , which extends , 0 , so that span{e,ē} and V are orthogonal, e andē are isotropic and satisfy e,ē = 1. We also define on g the bracket In this case, it is Ricci flat.
Proof. The bracket [ , ] is a Lie bracket if and only if, for any
Therefore, (g, [ , ]) is a Lie algebra if and only if µK = K • D + D * • K and it is easy to see that (g, [ , ]) is nilpotent if and only if µ = 0 and D is a nilpotent endomorphism. Now we will compute the Ricci curvature of (g, [ , ] , , ) by using the formula
where B is the Killing form and H is the vector defined in (3) . We choose an orthonormal basis ( f 1 , . . . , f n ) of V and we denote by (K 0 ,K, S 1 , . . . , S n ) the structure endomorphisms of (e,ē, f 1 , . . . , f n ). By a direct computation, we get that B and H are given by H = (µ + tr(D))e, Re ⊕ V ⊂ ker B and B(ē,ē) = µ 2 + tr(D 2 ).
On the other hand,K = 0 and for any u, v ∈ g
This gives that
From these relations, one can easily deduce that tr(K 0 • S i ) = tr(S i • S j ) = 0 for i, j = 1, . . . , n and hence
Using these expressions, a careful computation gives
Re ⊕ V ⊂ ker ric and ric(ē,ē) = − 1 2 tr(D 2 ) − 1 2 tr(DD * ) − 1 4 tr(K 2 ) + µtr(D).
This completes the proof.
Any data (K, D, µ, b) satisfying the conditions in Proposition 4.1 is called admissible. We can now state the main theorem of this section, which gives the structure of Einstein Lorentzian nilpotent Lie algebras with degenerate center. Let (g, , ) be an Einstein nilpotent non abelian Lorentzian Lie algebra and suppose that there exists e ∈ Z(g) a central isotropic vector. Then:
1. Z(g) is degenerate and g is Ricci-flat. 2. g is obtained from g 0 by the double extension process with admissible data (K, D, 0, b) and D is nilpotent.
Proof. Denote I = Re and choose an orthonormal basis B = (e,ē, f 1 , . . . , f n ) of g such that (e, f 1 , . . . , f n ) is a basis of I ⊥ ,ē is isotropic, e,ē = 1 and ( f 1 , . . . , f n ) is an orthonormal basis of {e,ē} ⊥ . We denote by (K,K, S 1 , . . . , S n ) the structure endomorphisms of B, i.e., for any u, v ∈ g,
Moreover, according to (4) and (8), we have
Since e ∈ Z(g), then K(e) =K(e) = S i (e) = 0 for i = 1, . . . , n and J 1 (e) = 0. This implies that According to Lemma 2.2, for any x ∈ I ⊥ ,K(x) = α(x)e and −4λ = tr(K • K) = 0. On other hand, tr(J 1 ) = tr(J 2 ) and from the first relation in (14) we deduce that tr(J 1 ) = − n i=1 tr(S 2 i ) = 0. By using Lemma 2.2, we also deduce that tr(S 2 i ) = 0, for any x ∈ I ⊥ , S i (x) = s i (x)e and tr(K • S i ) = tr(S i • S j ) = 0 for i, j ∈ {1, . . . , n}. By skew-symmetry, we deduce that, for j = 1, . . . , nK
On the other hand, for any u ∈ I ⊥ ,
But ad u is nilpotent and then we must have α(u) = 0 for any u ∈ I ⊥ and henceK = 0. To sum up, if we put V = span{ f 1 , . . . , f n } and we define D :
. This completes the proof.
As an application of Theorem 4.1 we recover the following results due to Guediri [10, Lemma 14 and Theorem 15] : Let (g, [ , ] , , ) be an Einstein Lorentzian 2-step nilpotent Lie algebra. Then Z(g) is degenerate and g is Ricci-flat. Theorem 4.2. Let n be a 2-step nilpotent, non-abelian Lie algebra. Then g admits a Ricci-flat Lorentzian metric if and only if g = R n ⊕ n (a direct sum of Lie algebras) such that n is a Lie algebra for which the Lie brackets are expressed in a basis B = {e, z 1 , . . . , z p ,ē, e 1 , . . . , e q } as follows :
with q i, j=1
Moreover the basis B can be chosen Lorentzian, in particular the restriction of the metric to [g, g] is degenerate. 13
Proof. Suppose that (g, [ , ] , , ) is a 2-step nilpotent Lorentzian, Ricci-flat Lie algebra. By virtue of Corollary 4.1, Z(g) is degenerate and Theorem 4.1 implies that g is given by a process of double extension from a Euclidean vector space V 0 with parameters (K, D, 0, b) , i.e g = Re ⊕ V 0 ⊕ Rē where e,ē are isotropic vectors satisfying ē, e = 1 and, for any u, v ∈ V 0 ,
Moreover, Proposition 4.1 implies that D 2 = 0 and
First, we observe that Im(D) ⊂ Z(g) ∩ V 0 . Indeed, given w ∈ g and u ∈ V 0 we have that :
⊥ ⊕ S , then S is an abelian Lie subalgebra of g since it is contained in Z(g) and we have that g = R n ⊕n with n = Re⊕Rē⊕Im(D)⊕W 0 , moreover using (16) we can check that n is a Lie subalgebra of g. Next, let {z 1 , . . . , z p } be a Euclidean basis of Im(D) and let {e 1 , . . . , e q } be a Euclidean basis of W 0 . Write :
Then it follows that : and we conclude by (17). Conversely, for any 2-step nilpotent Lie algebra of the form g = R n ⊕ n satisfying (15), we have Ric g = 0 follows from a straightforward calculation.
Classification of Einstein Lorentzian nilpotent Lie algebra of dimension ≤ 5
In this section, we give a complete description of the Lorentzian Lie algebras associated to all Einstein Lorentzian nilpotent Lie group of dimension ≤ 5. This is based on Theorem 4.1 and the following result. Let (g, [ , ] , , ) be an Einstein Lorentzian nilpotent Lie group of dimension ≤ 5. Then the center of g is degenerate.
Proof. We use the classification of nilpotent Lie algebras up to dimension 6 given by [8] .In Table  1 , we give the list of nilpotent Lie algebras up to dimension 5 and for each of them we give a derivation with a non zero trace. We will also use Corollary 4.1 and Proposition 3.4.
There is a unique nilpotent Lie algebra in dimension 3 which is L 3,2 and it is 2-step nilpotent hence we can apply Corollary 3.1. In dimension 4, there is two nilpotent Lie algebras namely L 4,2 whose center is degenerate by Corollary 4.1 and L 4,3 whose Lie bracket is given by [e 1 , e 2 ] = e 3 , [e 1 , e 3 ] = e 4 .
It is clear that L 4,3 satisfies the hypothesis of Proposition 3.4.
We can see that apart from L 5,6 and L 5,7 all the other Lie algebras are either 2-step nilpotent or satisfy the hypothesis of Proposition 3.4. Let us now study L 5,6 and L 5,7 .
If we denote by g either L 5,6 or L 5,7 , one can see that 
This bracket satisfies the Jacobi identity if and only if v = 0 and yz − du = 0. The Ricci operator is given by
Since a 0 then c = 0 and hence the Ricci operator is given by
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The couple (z, d) (0, 0) otherwise dim[g, g] ≤ 2, hence b = 0. So
So we must have Ric 4,4 = −d 2 − y 2 − z 2 − u 2 = 0 and Ric 2,2 = a 2 + z 2 + t 2 − u 2 = 0, but then a = 0 which is impossible.
2.
[g, [g, g] ] is nondegenerate Lorentzian. As in the previous case, we can choose an orthonor-
The Jacobi identity is given by bv − ud + yz = av = 0, hence v = 0. Thus the Ricci operator is given by
So we get b = c = 0 and hence The Ricci operator is given by 
The Jacobi identity is given by bv − ud + yz = av = 0. Hence v = 0. The Ricci operator is given by
As a consequence of Theorem 4.1 and Theorem 5.1, we can give the complete classification of Ricci flat Lorentzian metrics on nilpotent Lie algebras of dimension ≤ 5. We will also make use of the following Lemma :
Lemma 5.1. Let (V, , ) be a Euclidean vector space, K and D two endomorphisms of V such that K is skew-symmetric. Then KD+D * K = 0 if and only if there exists a vector subspace F of V and linear maps D 1 :
Proof. Suppose that KD + D * K = 0 and put F = ker K. Obviously D(F) ⊂ F, K(F ⊥ ) ⊂ F ⊥ and the restriction K 0 of K to F ⊥ is skew-symmetric invertible. Denote by D 1 the restriction of D to F and put for any u ∈ F ⊥ , Du = D 2 u + D 3 u where D 2 u ∈ F and D 3 u ∈ F ⊥ . Then We can always suppose that k > 0 (otherwise replace e 3 by −e 3 and e 2 by −e 2 ). We put e ′ 1 = µe 1 and e ′ 3 = µe 3 , e ′ 5 = µe 5 and µ 2 = 1 k . After an adequate change of parameters one can see that (g, [ , ], , ) is isomorphic to (L 5,6 , , 5, 6 is an orthonormal basis with e 1 , e 1 = −1.
Example of an eight dimensional Einstein Lorentzian nilpotent Lie algebra with non van-
ishing scalar curvature. This example was given in [7] . 
